Abstract. In this paper, we show that for a Koszul n-homogeneous algebra Λ, the quadratic dual of certain twisted trivial extension is the (n + 1)-preprojective algebra of its quadratic dual, that is, (∆ν Λ) !,op ≃ Π(Λ !,op ). This is applied to the τ -slice algebras of stable n-translation algebras and gives a noncommutative version of Bernstein-Gelfand-Gelfand correspondence for such algebras.
Introduction
Preprojective algebra play an important role in representation theory of algebras [10, 2, 8, 7] and many other fields of mathematics such as quantum groups, quiver varieties, cluster algebras [20, 23, 9] . Iyama and Oppermann introduced the (n + 1)-preprojective algebra in studying higher representation [18] , which is the 0-th homology of Kellers derived (n+1)-preprojective DG algebra [19] . Preprojective algebras and higher preprojective algebras are also important in non-commutative algebraic geometry [7, 22] .
Martinez-Villa has found that the quadratic dual of a preprojective algebra of a hereditary algebra is a self-injective algebra with vanishing radical cube [21] . Relationship between higher preprojective algebras and trivial extensions is studied in [22] for quasi-Fano algebras and is studied in [14] for a class of τ -slice algebras.
In this paper, we introduce n-homogeneous algebra (see Section 3) . By studying the quivers with relations as in [24] , we prove that for a Koszul n-homogeneous algebra Λ, the (n + 1)-preprojective algebra Π(Λ !,op ) of its quadratic dual Λ !,op is isomorphic to the quadratic dual of a twisted trivial extension ∆ ν Λ of Λ, that is, Π(Λ !,op ) ≃ (∆ ν Λ) !,op . We recently find τ -slice algebras of stable n-translation algebras are interesting in studying higher representation theory [12] . We show that such algebras are Koszul n-homogeneous, so our mail theorem applied to this case as a generalization of the result obtained in [14] . When the n-translation algebra is the Koszul, we know that the quadratic dual of Λ is a quasi (n− 1)-Fano algebra (see [22, 14] ) and the (n+ 1)-preprojective algebra is AS-regular algebra. So we get a noncommutative version of Bernstein-Gelfand-Gelfand correspondence when the (n + 1)-preprojective algebra is Noetherian (Theorem 6.7).
The paper is organized as follows. In Section 2, we recall basic notions in bound quivers, quadratic algebras and quadratic dual needed in this paper. In Section 3, we study the returning arrow quiver of n-homogeneous quiver and describe the trivial extension of an n-homogeneous algebra using returning arrow quiver and relations. The relations of (n + 1)-preprojective algebra of the quadratic dual of an n-homogeneous algebra are studied in Section 4, and the main theorem is proven in Section 5. In the last section, we apply the main theorem to τ -slice algebras of a stable n-translation algebra and obtain a noncommutative version of BernsteinGelfand-Gelfand correspondence.
Preliminary
Let k be a field, and let Λ = Λ 0 + Λ 1 + · · · be a graded algebra over k with Λ 0 direct sum of copies of k such that Λ is generated by Λ 0 and Λ 1 . Such algebra is determined by a bound quiver Q = (Q 0 , Q 1 , ρ) [12] .
Recall that a bound quiver Q = (Q 0 , Q 1 , ρ) is a quiver with Q 0 the set of vertices, Q 1 the set of arrows and ρ a set of relations. The arrow set Q 1 is as usual defined with two maps s, t from Q 1 to Q 0 to assign an arrow α its starting vertex s(α) and its ending vertex t(α). The arrow set Q 1 in this paper is assumed to be locally finite in the sense that for each pair i, j ∈ Q 0 , the set of arrows with s(α) = i and t(α) = j is finite. We also write s(p) = i, t(p) = j for a path in Q from i to j. The relation set ρ is a set of linear combinations of paths of length ≥ 2, since we study graded algebra, it can be normalized such that each element in ρ is a linear combination of paths of the same length starting at the same vertex and ending at the same vertex.
Let S = Λ 0 = i∈Q0 k i , with k i ≃ k as algebras, and let e i be the image of the identity of k under the canonical embedding of the k i into S. Then {e i |i ∈ Q 0 } is a complete set of orthogonal primitive idempotents in S and V = Λ 1 = i,j∈Q0
as S-S-bimodules. Fix a basis Q ij 1 of e j Λ 1 e i for any pair i, j ∈ Q 0 , take the elements of Q ij 1 as arrows from i to j, and let Q 1 = ∪ (i,j)∈Q0×Q0 Q ij 1 . Conventionally, we write ⊗ for ⊗ S . Thus V is the S-bimodule with Q 1 as a basis. Let Q t be the set of the paths of length t in Q and let kQ t be the k-space spanned by Q t . When identifying α t ⊗ · · · ⊗ α 1 with path p = α t · · · α 1 in Q, then V ⊗t = kQ t , and one gets an isomorphism of the tensor algebra
⊗t of V over S and the path algebra kQ: T S V ≃ kQ as algebras over k. We will use tensor algebra T S V and path algebra kQ alternatively in this paper.
There is canonical epimorphism from kQ to Λ with kernel I contained in kQ 2 + kQ 3 + · · · . Choose a generating set ρ of I, whose elements are linear combinations of paths of length ≥ 2. Then we have I = (ρ) and Λ ≃ kQ/(ρ), a quotient algebra of the path algebra kQ. Λ is also called the bound quiver algebra of bound quiver Q = (Q 0 , Q 1 , ρ). A path p in Q is called bound path if its image in kQ/(ρ) is non-zero. We usually use same notation for elements in the path algebra and its image in the bound quiver algebra when no confusion appears.
Let Q = (Q 0 , Q 1 , ρ) be a bound quiver with quadratics relations. In this case, the quotient algebra Λ = kQ/(ρ) is called a quadratic algebra. Write DW = Hom k (W, k) for the dual space of a finitely dimensional k-space W . By take dual bases locally, we have DS = kQ Set δ x,y = 1 x = y 0 x = y , we have now
In this case, (x, y) = x(y) for x, y ∈ kQ 2 defines a non-degenerated bilinear form on kQ 2 . The algebra
n-translation quivers and n-translation algebras are introduced and studied in [12] . With Nakayama permutation as the translation τ , the bound quiver of a graded self-injective algebra of Lowey length n + 2 is a stable n-translation quiver [11, 12] . In fact, stable n-translation quivers are exactly the bound quivers of graded self-injective algebras of Lowey length n + 2. Recall that an algebra is called an n-translation algebra, if its bound quiver is an n-translation quiver and there is a q ∈ N ∪ {∞} such that it is (n + 1, q)-Koszul [12, 5] .
Complete τ -slices and τ -slice algebras are introduced for stable n-translation quiver in [11] . Let Q = (Q 0 , Q 1 , ρ) be a acyclic stable n-translation quiver with ntranslation τ , and assume that Q has only finite many τ -orbits. A full subquiver Q is called a complete τ -slice of Q if it satisfies the following conditions: (a). for each vertex v of Q, the intersection of the τ -orbit of v and the vertex set of Q is a singlepoint set; (b). Q is convex in the sense that for each path p : v 0 → v 1 → . . . → v t of Q with v 0 and v t in Q, the whole path p lies in Q. When normalizing the relations such that they are linear combinations of paths with the same starting vertex and the same ending vertex, then
and we regard a complete τ -slice as the bound quiver Q = (Q 0 , Q 1 , ρ).
The algebra Λ defined by a complete τ -slice Q in Q is called a τ -slice algebra of the bound quiver Q. If Q is the bound quiver of an algebra Λ, we also say that Λ is a τ -slice algebra of Λ.
If Q define an n-translation algebra Λ, Λ is a quadratic algebra, and its quadratic dual Γ = Λ !,op is called dual τ -slice algebra of Q.
Trivial extension of n-homogeneous algebra
We study the quiver and relation of the twisted trivial extensions of an nhomogeneous algebra A bound quiver Q = (Q 0 , Q 1 , ρ) is called n-homogeneous if the relations can be chosen homogeneous and all the maximal bound paths have the same length n. We also call the (graded) algebra defined by an n-homogeneous quiver an nhomogeneous algebra.
Recall that the trivial extension Λ ⋉ M of an algebra Λ by a Λ-bimodule M is the algebra defined on the vector spaces Λ ⊕ M with the multiplication defined by (a, x)(b, y) = (ab, ay + xb) for a, b ∈ Λ and x, y ∈ M . ∆Λ = Λ ⋉ DΛ is called the trivial extension of Λ.
Let σ be a graded automorphism of Λ, that is, an automorphism that preserves the degree of homogeneous element. Let M be a Λ-bimodule. Define the twist M σ of M as the bimodule with M as the vector space. The left multiplication is the same as M , and the right multiplication is twisted by σ, that is, defined by x · b = xσ(b) for all x ∈ M σ and b ∈ Λ. Define the twisted trivial extension ∆ σ Λ = Λ ⋉ DΛ σ to be the trivial extension of Λ by the twisted Λ-bimodule DΛ σ . Let Λ be an n-homogeneous algebra with bound quiver Q = (Q 0 , Q 1 , ρ), let M be a maximal linearly independent set of maximal bound paths. Assume that Λ = Λ 0 +Λ 1 +· · ·+Λ n is an n-homogeneous algebra and that M is a basis of Λ n . Let M t ⊆ Q t be a maximal linearly independent set of bound paths of length t, then it is a basis of Λ t and we may take M n = M. Let M * t = {p * |p ∈ M t } be the dual basis of M t in the dual space DΛ t , then DΛ is generated by DΛ n as a Λ-bimodule. As an algebra, ∆ σ Λ is generated by Λ 0 and
Define the returning arrow quiver
So Q is obtained by adding a arrow in the reversed direction to each maximal bound path in Q.
Recall that S = i∈Q0 ke i is a semisimple algebra, V = α∈Q1 kα is the S-bimodule spanned by the arrows in Q.
We have the following proposition (see also Proposition 2.2 of [15] ).
is the bound quiver of a graded algebra Λ such that maximal bound paths have the same length n, then there is a relation set
is the bound quiver of the twisted trivial extension
By replace trivial extension with twisted trivial extension, the quiver remains the same, but the relations change. Write Q = Q σ when σ is identity, or when no confusion will appear. If Q is admissible (n − 1)-translation quiver, the relation set has a nice description in [12] .
Assume that Λ is n-homogeneous algebra such that ∆Λ is quadratic. Then Λ is quadratic sinceρ ∩ V ⊗ V spans the same ideal (ρ) as ρ, and we may assume that ρ is quadratic. Now we determine the relation setρ in Proposition 3.1 for the trivial extension ∆Λ. We need only to determine its intersection with V ⊗ V since ∆Λ is quadratic. We can take it as a basis of the kernel of the linear map
Let ρ 0 be a basis of Ker µ| N . The relation set for ∆Λ is given in the following lemma.
Lemma 3.2. If Λ is n-homogeneous and ∆Λ is quadratic, theñ
Now let σ be a graded automorphism of Λ, then σ is determined by its action on Λ 0 and Λ 1 . Consider the bound quiver Q σ of ∆ σ Λ. It has the same quiver Q = ( Q 0 , Q 1 ) as ∆Λ. The relations in ρ concern only elements in Λ, so they remain unchanged. Since (DΛ) 2 = 0 in ∆ σ Λ, so ρ M is in the relation set of ∆ σ Λ. The remaining relations are obtained by twisting those in ρ 0 by σ. In fact, for
We have the following corollary.
Corollary 3.3. Assume that Λ is n-homogeneous and ∆Λ is quadratic, and σ is an graded automorphism of Λ. Then Q σ is the bound quiver of ∆ σ Λ.
(n + 1)-preprojective algebra of dual n-homogeneous algebra
Let Γ be a finite dimensional algebra of global dimension n, the (n+1)-preprojective algebra of Γ is defined as the tensor algebra
where Γ e = Γ ⊗ Γ is the envelope algebra of Γ. In [24] , a description of (n + 1)-preprojective algebra for Koszul algebra using quiver with relations is given. Now we study the bound quiver of the (n + 1)-preprojective algebra of the quadratic dual of an n-homogeneous algebra, we call such algebra a dual n-homogeneous algebra.
Throughout this section, we assume that Λ is a Koszul n-homogeneous algebra, and that Γ = Λ !,op is its quadratic dual. Since Λ is a Koszul algebra with Loewy length n + 1, Γ is Koszul of global dimension n (see Theorem 2.6.1 and Subsection 2.8 of [4] ).
Note that Λ 1 = V = kQ 1 and Γ 1 = (DV ) op 1 = kQ 1 , by identifying the arrow set Q 1 with its dual basis. The bound quiver of Γ is
, where ρ ⊥ can be taken as a basis of the orthogonal subspace of ρ in kQ 2 ≃ V ⊗ V . Let R be the space spanned by the relation 
For a path p of length t, write α l (p) = α, χ l (p) = q if p = αq for α ∈ Q 1 and q ∈ Q t−1 , and write
Since Γ is Koszul, (2) is the projective resolution of Γ as Γ e module. Following [24] , by applying Hom Γ e ( , Γ e ) we get
Note that Γ ⊗ DΛ n−1 ⊗ Γ is a Γ-bimodule generated by DΛ n−1 , so Im f * is a Γ-bimodule generated by f * (DΛ n−1 ). f * induces a bimodule map, denoted again by the same notation, f * : Γ ⊗ DΛ n−1 ⊗ Γ → Γ ⊗ DΛ n ⊗ Γ, which is the composition of the bimodule maps
where Ψ :
. Since DΛ n = V M and V = V + V M , one see easily that we have a natural map θ :
we get a description of (n + 1)-preprojective algebra Π(Γ) of the dual n-homogeneous algebra Γ with bound quiver Q ⊥ = (Q 0 , Q 1 , ρ ⊥ ) as in [24] .
Now we determine ρ M ⊥ , the image of M n−1 under the map f * . Assume that M n−1 = {q 1 , · · · , q m } is a basis of Λ n−1 with each q r a bound path of length n − 1. Take q r ∈ M n−1 , a path from i to j. For each α ∈ Q 1 e j and α ′ ∈ e i Q 1 , αq r , q r α ′ ∈ Λ n . So there are a
and thus p * (αq r ) = a α,qr p and p
n−1 is a generating set of Γ-bimodule Γ ⊗ DΛ n−1 ⊗ Γ, such elements generating Im f * . We have the following lemma. 
Proof. For each bound path p ∈ e j Λ n , we have
n q * r (χ r (p))e j ⊗ α r (p) and for each p ∈ Λ n e i , we have
This implies that ζ qr = ΦΨ(1 ⊗ q * r ⊗ 1)f is in the subspace of Γ 1 ⊗ DΛ n + DΛ n ⊗ Γ 1 ≃ N spanned by the set {α⊗p * |α ∈ Q 1 , p ∈ e j M n }∪{p * ⊗α|α ∈ Q 1 , p ∈ M n e i }. Write
This is an element in the dual space of Λ 1 ⊗ Λ n + Λ n ⊗ Λ 1 , which is also isomorphic to N via (1). Embed Λ n in Λ 1 ⊗Λ n by sending a path p ′ to α l (p ′ )⊗p ′ , and in Λ n ⊗Λ 1 by sending a path p 
n . On the other hand, we have p
n and c
, by Lemma 2.1. Do this for all t 0 with a qr ,α
and for all α ′ ∈ Q 1 , we get c p,α (q r ) = (−1) n a qr ,α p for α ∈ e i Q 1 and p ∈ e j M n . Similarly, we have that c α,p (q r ) = a α,qr t for α ∈ Q 1 e j and p ∈ M n e i . This proves our lemma.
So we have the following description of ρ M ⊥ . Corollary 4.3. Assume (3), then
In fact, the relation set is minimal in the following sense.
Lemma 4.4. ρ M ⊥ is a linearly independent set.
Proof. We see from the proof of Lemma 4.2 that for suitably chosen basis M n of Λ n , if p t ∈ M n then α r (p t ) ⊗ p * t will only appears in ζ qr with coefficient (−1) n for q r = χ r (p t ), and p * t ⊗α l (p t ) will only appears in ζ qr with coefficient 1 for q r = χ l (p t ). Thus the set ρ M ⊥ = {ζ qr |q r ∈ e j M n−1 e i } is a linearly independent set.
Since ρ M ⊥ is indexed by a basis of Λ n−1 , which have the same dimesion as DΛ n−1 , as an corollary, we get the following proposition.
Trivial extension and (n + 1)-preprojective algebras
Now let Λ be a Koszul n-homogeneous algebra with bound quiver Q = (Q 0 , Q 1 , ρ) such that ∆Λ is Koszul. Let Γ = Λ !,op be its quadratic dual, then Γ is defined by the bound quiver Q ⊥ = (Q 0 , Q 1 , ρ ⊥ ). Let M n−1 , M n be the maximal linearly independent set of bound paths of length n − 1 and of length n, respectively. Define ν as the automorphism of Λ induced by the linear map ν : α → (−1) n α on kQ 1 . Let Q = (Q 0 , Q 1 ) be the returning arrow quiver of Q with
We have epimorphisms µ ν : T S V → ∆ ν Λ, and θ : T S V → Π(Γ), and the kernels of these maps are generated by their quadratic subspaces in V ⊗ V , respectively.
By identify V with its dual spaces, paths of length 2 form a basis in V ⊗ V which is its own dual basis as in (1) 
⊥ are orthogonal subspaces in V ⊗ V . Now we prove that kρ ν,0 and kρ M ⊥ are orthogonal subspaces in N .
We first prove the following lemma.
Lemma 5.1. e i ρ M ⊥ e j and Ker µ ν | eiN ej = e i kρ ν,0 e j are orthogonal.
Proof. For each w ∈ e j ρ M ⊥ e i , we have q r ∈ e j M n−1 e i such that w = ζ qr has the form (4). For z ∈ Ker µ ν | eiN ej , we have z = α∈Q1ej ,p∈Mnei
whenever α ⊗ β p = 0 and β p ⊗ α = 0. On the other hand, since z ∈ Ker µ, we have that
where p * (αq r ) = a qr ,α p and p * (q r α) = a α,qr p . This proves that z(w) = 0, and thus e i ρ M ⊥ e j and Ker µ ν | eiN ej are orthogonal.
So we have that ρ ν,0 = ∪ i,j∈Q0 e j ρ ν,0 e i and ρ M ⊥ = ∪ i,j∈Q0 e j ρ M ⊥ e i are also orthogonal. Note that DΛ n−1 +kρ ν,0 = N as direct sum of k-spaces, and we have that dim k kρ M ⊥ = dim k DΛ n by Proposition 4.5. By comparing the dimensions, we get that N = kρ ν,0 + kρ M ⊥ as direct sum of k-spaces. So kρ M + = i,j∈Q0 e i kρ M + e j and we have the following lemma. Thus we get our main theorem of this section.
Theorem 5.3. Assume that Λ is a Koszul n-homogeneous algebra. Then
Proof. By Proposition 3.1, ∆ ν Λ ≃ k Q/(ρ), and by Lemma 3.
This proves thatρ * =ρ ⊥ , and thus Π(
Remark 5.4. This is a known result for the path algebras of acyclic quivers. For a stable 1-translation algebra, a τ -slice algebra is a radical squared zero algebra with acyclic quiver, say Q. So its quadratic dual (dual τ -slice algebra) is the path algebra of the same acyclic quiver Q. It is proven in [21] that the quadratic dual of the preprojective algebra of a path algebra of quiver Q is self-injective algebra with vanishing radical cube and thus by [6] , is a twisted trivial extension of the radical squared zero algebra with quiver Q. In this case, the returning arrow quiver is exactly the double quiver of Q.
6. τ -slice algebras of a stable n-translation algebra Now we apply our main theorem to the τ -slice algebras of stable n-translation algebra.
We first show that τ -algebras are characterized by n-homogeneous quivers. Assume that Λ is an acyclic τ -slice algebra with bound quiver Q = (Q 0 , Q 1 , ρ) of an acyclic stable n-translation algebra Λ. Assume that Q is a τ -slice of a stable n-translation quiver Q and the algebra Λ defined by Q is an n-translation algebra.
Lemma 6.1. Let Q be a complete τ -slice of acyclic stable n-translation quiver Q, then Q is n-homogeneous.
Proof. Since the relations in an n-translation quiver can be chosen homogeneous, so do the relations in a complete τ -slice Q.
Let p be a maximal bound path in Q, then its length is < n + 1, by the definition of a complete τ -slice. If the length l of p is < n, there is a path q from t(p) to τ −1 s(p) of length n+ 1 − l in Q such that qp = 0 in Q, since Q is a stable translation quiver. Especially, there is an arrow β : t(p) → j in Q such that βp = 0. This contradicts the maximality of p if j ∈ Q 0 . If j ∈ Q 0 , then τ j ∈ Q 0 , and there is a path q ′ in Q of length n + 1 − l from τ j to s(p), such that q ′ p = 0 in Λ. But Q is a complete τ -slice in Q, and thus q ′ is a non-trivial path in Q and q ′ p = 0 in Λ, contradicts the maximality of p in Q.
This proves that the bound quiver Q is n-homogeneous.
For an algebra Λ satisfying the condition of Proposition 3.1, we can generalize our quiver construction Z| n−1 Q in [12] . Such quiver construction is an n-analog of the classical ZQ construction.
For simplicity, we assume that ∆Λ is quadratic. Take vertex set (
Similar to Proposition 5.5 of [12] , we have the following realization of Z| n−1 Q. Proposition 6.2. Assume that Λ is an algebra whose bound quiver is acyclic nhomogeneous and ∆Λ is quadratic. Then the smash product ∆Λ#kZ * is a selfinjective algebra with bound quiver Z| n−1 Q, where ∆Λ is graded by taking elements in the dual basis of M in DΛ n as degree 1 generators.
If Q is acyclic, it is a complete τ -slice in Z| n−1 Q, so Λ is a τ -slice algebra of ∆Λ#kZ * . In such case, Λ is also called a τ -slice algebra of ∆Λ. Combine with Lemma 6.1, we have the following Proposition. Proposition 6.3. Let Λ be an algebra with acyclic bound quiver Q. Then Λ is a τ -slice algebra if and only if Q is n-homogeneous.
As an immediate consequence, using Theorem 5.3 of [12] , we have the following result.
Proposition 6.4. Let Λ be an algebra with acyclic bound quiver Q. Then Λ is a τ -slice algebra of an n-translation algebra if and only if Q is n-homogeneous and ∆Λ is almost Koszul. Now we prove the Koszulity of τ -slice algebras.
Proposition 6.5. Acyclic τ -slice algebras of stable n-translation algebras are Koszul.
Proof. Let Λ be an acyclic τ -slice algebra. Assume that Q is the bound quiver of an acyclic stable n-translation algebra Λ and the bound quiver Q of Λ is a complete τ -slice of Q. Regard Q as a full sub-quiver of Q. For each integer t, write M (t) for the shift module of degree t for M , that is, the graded module M (t) = s∈Z M (t) s with M (t) s = M t+s . Denote by u i (j) the length of paths from i to j in Q, for a vertex j such that there is a path from i to j, it is uniquely determined since Q is acyclic and Λ is graded. Let e = i∈Q0 e i , we have Λ = eΛe. Since Λ is n-translation algebra, we have q ≥ 2 or q = ∞, such that for each i ∈ Q 0 , we have a projective resolution
for the graded simple Λ-module S i ≃ Λ 0 e i concentrated in degree 0, with Ker φ q = j∈Q 0 ,ui(j)=q (Λ n+1 e j (q)) ai,j if q is finite. Λ n+1 e j (t) ≃ Λ 0 e τ −1 j (t + n + 1) is semisimple. Since Q is convex in Λ, we have Hom Λ (Λe, Λe j (t)) = 0 if j ∈ Q 0 and Hom Λ (Λe, Λe j (t)) ≃ eΛe j ≃ Λe j (t) if j ∈ Q 0 . Apply Hom Λ (Λe, −) on (6) for the projective Λ-module Λe, one get and exact sequence for the graded simple Λ module Λ 0 e i . We have Ker φ ′ q = 0 when q is finite since Q is a complete τ -slice of Q, and e τ −1 j ∈ Q 0 for any j ∈ Q 0 . This shows that each graded simple Λ-module has a linear resolution, and thus Λ is Koszul.
It follows from 2.10 of [4] that for a stable n-translation algebra, both τ -slice algebras and dual τ -slice algebras are Koszul algebras. Now we have the following version of our main for τ -slice algebras. Theorem 6.6. Assume that Λ is a τ -slice algebra of an acyclic stable n-translation algebra. Then Π(Λ !,op ) ≃ (∆ ν Λ) !,op .
Proof. By Proposition 6.4, Λ is n-homogeneous, and by Proposition 6.5 it is Koszul. So by Theorem 5.3, we have
This is a generalization of our result obtained in [14] , in which case Λ is a special truncation of Q and Γ = Λ !,op is quasi (n − 1)-Fano algebra, using a different approach.
Let Γ = Λ !,op be the quadratic dual of Λ. It is known that Π(Γ) = Π(Λ !,op ) is ASregular algebra when it is Koszul [21, 22] . Denote by qgrΠ(Λ) the non-commutative projective scheme of Π(Γ) [1] . Then by Theorem 4.14 of In fact, we have the following picture relate a τ -slice algebra, its twisted trivial extension, its quadratic dual and the higher preprojective algebra of the quadratic dual. In certain cases, Γ is realized as a direct summand of the Beilinson algebra of Π(Γ) [22, 14] .
